MTH 166

Lecture-3
Equations Reducible to Exact Form-II




Topic:

Equations Reducible to Exact Form

L_earning Outcomes:

1. How to find an I.F. using different methods (Next Two Methods).

2. How to convert a Non-exact equation into an Exact equation using |.F.

and find its solution.



Methods to find I.F.
3. If equation Mdx + Ndy = 0 (1)
can be re-written in the form: f(xy)ydx + g(xy)xdy = 0

then . F. = — provided Mx — Ny # 0
Mx—NYy

Solve the following differential equations:

Problem 1. (y + xy?)dx + (x — x%y)dy = 0

Solution: (y + xy?)dx + (x — x?y)dy = 0 (1)
Compare it with: Mdx + Ndy = 0

HereM=(y+xy2):g—A;=1+2xy

and N=(x—x2y):»a—N=1—2xy

oM
Since P * 5 So, Equation (1) i1s Non-exact .



Given equation is: (y + xy?)dx + (x — x%y)dy = 0
This equation can be re-written as:
(1+xy)ydx + (1 —xy)xdy =0

Which is of the form: f(xy)ydx + g(xy)xdy = 0

1 1 1
S0, I.F. = Mx—-Ny  (y+xy2)x—(x—x2y)y 2x2y2

Multiplying equation (1) by I.F., we get:
[+ xyHdx + (x = x*y)dy] X 57

1 1
= (szy T Zx) dx + (2xy2 - Zy) dy =0
Which is exact differential equation.

=0

Solution: fy=co Mdx + [(Terms of N free from x)dy = C

:fy_con( ! Zx) dx—f dy— C

ny

= _ﬂ-l_ logx——logy =c

(1)



Problem 2. (x2y3 —y)dx + (x3y% + x)dy = 0

Solution: (x%y® — y)dx + (x3y% + x)dy = 0

Compare it with: Mdx + Ndy = 0

Here M = (x%y3 —y) = ?3_13\/4 = 3x%y? —1

and N = (x3y2 +x) > & = 3x2y2 + 1

dx
Since ?3_15 * Z—Z, So, Equation (1) i1s Non-exact .

This equation can be re-written as:
(1+xy)ydx+ (1 —xy)xdy =0

Which is of the form: f(xy)ydx + g(xy)xdy = 0

1 1

So, I.F.=

Mx—Ny o (x2y3—y)x—(x3y2+x)y o 2Xy

(1)



Multiplying equation (1) by I.F., we get

[(x%y3 — y)dx + (x3y? + x)dy] X —y =0

xy? 1 x?y 1 _
:>(_ 2 +2x)dx+(— 2 _Zy)dy_o
Which is exact differential equation.
Solution: fy=con. Mdx + [(Terms of N free from x)dy = C

| 1
=>fy C(m(—szl + )dx—f—dy=c
xy

= — + = logx——logy—c



Methods to find |.F.

4. For an equation: Mdx + Ndy = 0 (1)

O0M ON

(1) 1f 222 = f£(x), then [.F. = eJ /)%

ON O0M

(1) If 22 = £(y), then I.F. = el SO




Solve the followinqg differential equations:

Problem 1. (xy® +y)dx + (2x%y* + 2x + 2y*)dy = 0

Solution: (xy3 + y)dx + (2x%y% + 2x + 2y*)dy = 0 (1)
Compare it with: Mdx + Ndy = 0

Here M = (xy3 +y) :2—1;= 3xy? + 1
and N = (2x2y2 +2x + 2y = a—N = 4xy? + 2

Since 2 » 2N So Equation (1) is Non-exact .

dy ox’
5x gy _ (4xy?+2)—(3xy?+1) _ (xy?+1)
Ar Av 4 +2 3 +1 +1 +1 1
Here 2* 9%y _ ™) s L a4 =-=f(y)

(xy3+y) xy3+y  y(xy?+1) y
1
SO, l.F.= eff(y)dy = ef;dy — elogy =y



Multiplying equation (1) by I.F., we get:
[((xy3 + y)dx + (2x%y? + 2x + 2yH)dy] xy =0
= (xy* 4+ y?)dx + 2x%y3 + 2xy + 2y>)dy =0

Which is an exact differential equation.

Solution: fy=c0n. Mdx + [(Terms of N free from x)dy = C

= fyzconl(xy4 +y3)dx + [ 2y>dy = ¢

2,4 6
——+xy? + Zy? = ¢ Answer.

=



Problem 2. (4xy + 3y% — x)dx + (x* + 2xy)dy = 0

Solution: (4xy + 3y? — x)dx + (x? + 2xy)dy = 0 (1)
Compare it with: Mdx + Ndy = 0
Here M = (4xy + 3y? — x) - M 5 —4x+6y

and N=(x2+2xy)=>—N=2x+2y

Since 2 » 2N So Equation (1) is Non-exact .

dy ox’
OM ON
9y ox _ (dx+6y)—(2x+2y) = 2x+4y  2(x+2y) _ 2

Here

2= ()

(x2+2xy) o (x2+2xy)  x(x+2y)  x

So, I.F.= el f¥ax — eJx0* — g2logx — glogx? _ 42



Multiplying equation (1) by I.F., we get:
[(4xy + 3y% — x)dx + (x* + 2xy)dy] X x> =0
= (4x3y + 3x%y* — x3)dx + (x* + 2x3y)dy = 0

Which is an exact differential equation.
Solution: fy=c0n. Mdx + [(Terms of N free from x)dy = C

(4x3y + 3x%y? — x3)dx + [(0)dy = ¢

4
4xy+3 <Y —szc

= 4x* y+4x y? —x* = 4c
= 4x*y + 4x3y? — x* = ¢; Answer. (4¢c = ¢;)

J-y con.
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